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a b s t r a c t
We consider the regularity problem for 3D Navier–Stokes equations in a bounded domain
with smooth boundary. A new sufficient condition which guarantees the regularity of
weak solutions on the quotient ∇p/ 1+ |u|δ1 + |∇u|δ2 for the Navier–Stokes equations
is established.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In this note we consider the following initial–boundary value problem inΩ × (0, T ):
∂u
∂t
+ u · ∇u+∇p = 1u, inΩ × (0, T )
divu = 0, inΩ × (0, T )
u = 0, on ∂Ω × (0, T )
u(x, 0) = u0(x), inΩ
(1)
where u = u(x, t) ∈ R3 is the velocity field, p(x, t) is a scalar pressure, u0(x) with divu0 = 0 in the sense of distribution is
the initial velocity field, andΩ is a regular, open, bounded, connected subset of R3 with smooth boundary ∂Ω.
The study of the incompressible Navier–Stokes equations has a long history. Some fundamental works can be found
in [1,2] where Leray and Hopf proved the existence of its weak solutions u(x, t) ∈ L∞(0, T ; L2(R3)) ∩ L2(0, T ;H1(R3))
for given u0(x) ∈ L2(R3) which satisfy the energy inequality. However, we do not yet know whether or not the solution
develops singularities in finite time even if the initial datum is C∞-smooth. The study of the regularity of solutions has
become interesting and attracted the interest of many researchers; see for example [3–5]. On the other hand, the regularity
of a given weak solution u can be shown under suitable extra assumptions. Related works were presented by [6–15] and the
recent works [16–21].
It is well-known that for the Navier–Stokes equations in R3, we obtain the following equality by applying the ‘‘div’’
operator to both sides of the first equation of (1):
−1p =
3−
i,j=1
∂i∂j(uiuj). (2)
Therefore the Calderón–Zygmund theorem gives
‖p‖Lγ ≤ C1‖u‖2L2γ , 1 < γ <∞. (3)
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We find (roughly speaking) that the pressure behaves as the velocity squared, i.e., |p| . |u|2. On the basis of this fact, not so
much attention has been paid to a kind of additional condition, the so called ‘‘alternative natural assumption’’ p/(1 + |u|),
which may also guarantee the regularity, except for in the paper [22,23]; see also [24] for the case of p/(1+ |u| + |∇u|r) for
some r < 1. Again, taking ‘‘∇ div’’ on both sides of the first equation in (1) for smooth (u, p), one can obtain
−∆(∇p) =
3−
i,j=1
∂i∂j(∇(uiuj)), (4)
and the following inequality:
‖∇p‖Lq ≤ C2|||u||∇u|||Lq , 1 < q <∞, (5)
where C2 is a constant depending only on q. Roughly speaking, the pressure gradient behaves like the inner product of u and
its gradient, or simply, |∇p| . |u||∇u|. However, if we consider the Navier–Stokes equations in a generic domainΩ ( R3,
although (2) and (4) are true, (3) and (5) no longer hold. This is the main difficulty for a generic domain; this does not mean
that we cannot establish regularity criteria in a generic domain. As far as we know, there is little literature discussing the
regularity condition on ∇p/(1+ |u| + |∇u|). Let us make a simple assumption. If |∇u| ≫ |u| ≫ 1 (|u| ≫ |∇u| ≫ 1), then
we have roughly ∇p/(1 + |u| + |∇u|) . |u| (∇p/(1 + |u| + |∇u|) . |∇u|), while the regularity condition added on u and
its gradient are supposed to be known. Therefore, it is thus natural to consider a regularity condition added on this kind of
quotient since the pressure is the potential whose source is the product of the velocity and its gradient. The purpose of this
note is to investigate what regularity for (1) can be inferred assuming some conditions on this kind of quotient. Also, I would
like to argue that our technique used here is totally different from that of [24].
2. The regularity criterion
Theorem 2.1. Let u0(x) ∈ Lq(Ω) for some q ≥ 3, and divu0 = 0 in the sense of distribution. Suppose u(x, t) is a Leray–Hopf
weak solution of (1) in [0, T ). If one of the following conditions is satisfied:
(C1)
∇p
1+ |u|δ1 + |∇u|δ2 ∈ L
α,γ , with
2
α
+ 3
γ
≤ 6− 5δ
2
, and
6
6− 5δ ≤ γ ≤ ∞, for 2/3 ≤ δ ≤ 6/5.
(C2)
∇p
1+ |u|δ1 + |∇u|δ2 ∈ L
α,γ , with
2
α
+ 3
γ
≤ 6− 5δ
2
, and
18
14− 9δ ≤ γ ≤
6
2− 3δ , for 0 ≤ δ < 2/3.
where δi ≥ 0, i = 1, 2, δ = max{δ1, δ2}, then u(x, t) is a smooth solution in [0, T ].
Remark 2.2. The limiting cases of ‖∇p/(1 + |u|δ1 + |∇u|δ2)‖Lα,γ with at least one of α and γ being ∞ in Theorem 2.1
can also be regarded as being finite. We noticed that the case in (C2) for δ1 = δ2 = 0 is just the result in [23] while the
author presented an equality for α and γ in a generic domain. Actually, a regularity condition on p/(1+|u|δ1 +|∇u|δ2)with
max{δ1, δ2} < 1 can also be established by a parallel technique used in this work; we are not going to repeat this due to
the similarity. Furthermore, we also find that Theorem 2.1 holds for any dimension N , N ≥ 3, which can be achieved by a
suitable modification of our proof; see similar results in [23] for a detailed discussion.
Proof. We show the solution satisfies the well-known Serrin condition, which guarantees the regularity of weak solutions
by establishing an a priori estimate for the smooth solution. Multiply both sides of the first equation of (1) by 3u|u|, and
integrate onΩ . After suitable integration by parts, we obtain
d
dt
‖u(., t)‖3L3 + 3
∫
Ω
|u||∇u|2dx+ 4
3
∫
Ω
∇|u| 32 2 dx ≤ 3 ∫
Ω
|∇p| |u|2dx, (6)
where we used
3
∫
Ω
u|u|1udx = −3
∫
Ω
∇(u|u|) · ∇udx
= −3
∫
Ω
|u| |∇u|2 dx− 3
∫
Ω
|u| |∇|u||2 dx
= −3
∫
Ω
|u| |∇u|2 dx− 4
3
∫
Ω
∇|u| 32 2 dx,
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If we use the fact that∇|u| 32  ≤ 3
2
|u| 12 |∇u|,
then (6) implies that
d
dt
‖u(., t)‖3L3 + 2
∇|u| 32 2
L2
≤ 3
∫
Ω
|∇p||u|2dx. (7)
The goal now is to make estimates for A := 3 
Ω
|∇p||u|2dx. To this end, we can proceed to estimate A as follows:
3
∫
Ω
|∇p||u|2dx = 3
∫
Ω
 ∇p1+ |u|δ1 + |∇u|δ2
 (1+ |u|δ1 + |∇u|δ2)|u|2dx
≤ C
∫
Ω
 ∇p1+ |u|δ1 + |∇u|δ2
 (1+ |u| + |∇u|)δ|u|2dx
≤ C
 ∇p1+ |u|δ1 + |∇u|δ2

Lγ
‖1+ |u| + |∇u|‖δL2 ‖u‖2Lb
≤ C
 ∇p1+ |u|δ1 + |∇u|δ2

Lγ
‖u‖2Lb
≤ C
 ∇p1+ |u|δ1 + |∇u|δ2

Lγ
‖u‖2θL3 ‖u‖2(1−θ)L9 ,
where δ = max{δ1, δ2}, C is a constant depending on T , ‖u0‖L2 and |Ω|, the Lebesgue measure of domainΩ . For θ ∈ [0, 1),
we have
3
∫
Ω
|∇p||u|2dx ≤ C(ϵ)
 ∇p1+ |u|δ1 + |∇u|δ2
 31+2θ
Lγ
‖u‖
6θ
1+2θ
L3
+ ϵ‖u‖3L9 ,
where, in order, Hölder’s inequality, the interpolation inequality, and Young’s inequality are used. In the above inequalities,
the constants γ , b and δ which are to be determined later satisfy
1
γ
+ 2
b
+ δ
2
= 1, (8)
θ
3
+ 1− θ
9
= 1
b
. (9)
If θ = 1, it follows that
3
∫
Ω
|∇p||u|2dx ≤ C
 ∇p1+ |u|δ1 + |∇u|δ2

Lγ
‖u‖2L3 .
It is not difficult to find that these two cases can be treated at the same time. Note that
‖u‖3L9 =
 |u| 32 2
L6
≤ C1
∇|u| 32 2
L2
. (10)
Choosing ϵ sufficiently small that ϵC1 ≤ 1, it follows that
d
dt
‖u(., t)‖3L3 +
∇|u| 32 2
L2
≤ C
 ∇p1+ |u|δ1 + |∇u|δ2
 31+2θ
Lγ
‖u‖
6θ
1+2θ
L3
.
On one hand, (8) and (9) give
b = 4γ
(2− δ)γ − 2 , θ =
7
4
− 9δ
8
− 9
4γ
.
Therefore
d
dt
‖u(., t)‖3L3 +
∇|u| 32 2
L2
≤ C
 ∇p1+ |u|δ1 + |∇u|δ2
 31+2θ
Lγ
‖u‖3ζL3 for some ζ ∈ (0, 1) . (11)
On the other hand, we notice that θ ≥ 0, that is, 74 − 9δ8 − 94γ ≥ 0. If condition (C1) is satisfied and 6/(6− 5δ) ≤ γ <∞, it
is easy to check that inequality θ ≥ 0 holds automatically. Then, once (11) has been established, by Gronwall’s lemma (see
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for instance Lemma 2 in Ref. [13]) we have
‖u(., t)‖3L3 ≤ C
‖u0‖3L3 +
∫ T
0
 ∇p1+ |u|δ1 + |∇u|δ2
 31+2θ
Lγ
dτ
 1
1−ζ
 .
Now substituting the value of θ into the above inequality gives
‖u(., t)‖3L3 ≤ C
‖u0‖3L3 +
∫ T
0
 ∇p1+ |u|δ1 + |∇u|δ2

4γ
6γ−3γ δ−6
Lγ
dτ
 11−ζ

≤ C
‖u0‖3L3 +
T 1− 4γ(6γ−3γ δ−6)α  ∇p1+ |u|δ1 + |∇u|δ2

4γ
6γ−3γ δ−6
Lα,γ
 11−ζ
 ,
since 4γ6γ−3γ δ−6 ≤ α. For the case of γ = ∞, θ can be chosen as 7/4− 9δ/8 and
α ≥ lim
γ→∞
4γ
6γ − 3γ δ − 6 =
4
6− 3δ .
For α = ∞, we take 6/ (6− 5δ) ≤ γ ≤ ∞. Consequently, we have
u ∈ L∞(0, T ; L3(Ω)), (12)
provided that
∇p
1+ |u|δ1 + |∇u|δ2 ∈ L
α(0, T ; Lγ (Ω)) and u0 ∈ L3(Ω) .
Integrating (11) with respect to t again and using (12), we get∫ T
0
∇|u| 32 2
L2
dτ = M1 <∞,
which implies in terms of (10) that
u ∈ L3(0, T ; L9(Ω)). (13)
For the case (C2), the range of γ relies on the value of δ, since 0 ≤ θ ≤ 1. The above arguments can be followed again, we
therefore still possess the result (13). Observe that (13) falls into Serrin’s class [6] with α = 3 and γ = 9 > 3. Therefore u is
a strong solution provided that u0 ∈ L3(Ω), which is guaranteed by our condition. We finish the proof of Theorem 2.1. 
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